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Abstract-A constitutive relation for a viscous material subject to small strains but finite
rotations is postulated and associated variational theorems are formulated. These are similar
to the principle of minimum of potential energy and the Hellinger-Reissner theorem of an
elastic solid. The derivation of strain-displacement relations for thin shells subject to small
strains but moderately large rotations are given. On this basis a mixed variational principle for
thin viscous shells is developed. For the problem ofcreep collapse oflong cylindrical shells under
external pressure it is demonstrated that the mixed variational principle may be advantageous
compared to other variational theorems. A comparison with the creep collapse theory of Hoff
et al. is given.

1. INTRODUCTION

Most engineering studies of creep in structural members apply either one of the two con
stitutive equations: In the first case it is assumed that the total strain rate is obtained by
combining an elastic strain rate, a creep rate and a thermal strain rate in an additive manner.
Here the creep rate may contain secondary and/or primary creep. This constitutive equation
relates the total strain rate to the stress and the stress rate (and possibly other variables
which describe the hardening of the material). The second constitutive relation relates the
(total) strain rate to the stress (and possibly other variables describing the hardening of the
material); an important example in this class of constitutive relations is the case of secon
dary creep according to Odqvist's invariant theory[l].

We will restrict attention to those problems where the elastic strain may be safely
neglected, i.e. the second class of constitutive equations. These equations together with the
strain-displacement relations, the quasistatic equilibrium equations, the boundary and
initial conditions represent an initial-boundary value problem. For generality it will be
assumed that these equations are formulated for small strains but finite rotations and
material coordinates will be used. If one assumes that the displacements are given at some
instant t, then the field equations and boundary conditions represent a boundary value
problem for the stresses and displacement rates.

For infinitesimal displacement gradients variational theorems are well known which
apply to this boundary value problem (see, e.g. Refs. [2, 3]). They are analogous to the
principles of mimimum of potential or complementary energy. In this paper several varia
tional theorems will be presented which are more general than those mentioned above.
They are formulated for small strains but finite rotations and are similar to the principle of
minimum of potential energy and the Hellinger-Reissner theorem in elasticity[4-6].
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The condition of small strains but large rotations is sometimes typical for problems in
thin plates or shells especially if creep collapse is involved. Therefore a mixed variational
principle for thin shells is developed where stress resultants and displacement rates are to
be varied independently. This shell theory is within the frame of the Kirchhoff-Love
hypothesis and is restricted to small strains and a small rotation around the normal but to
moderately large rotations of the normal. For the case of infinitesimal rotations this prin
ciple can be reduced to that given by Rabotnov[7] and Grigoliuk and Lipovtsev[8] for a
cylindrical shell under axisymmetric loading.

Finally a relatively simple example is used to demonstrate the fact that the application
of the mixed variational principle may lead in certain cases to a quasilinear system of
differential equations. This is a definite advantage compared to the other variational
theorems. The problem considered is the creep collapse of a cylindrical shell under external
uniform pressure. It has been discussed by various authors, e.g. Hoff et a/.[9]. A discussion
of some of these theories can be found in Ref. [10]. In recent years this problem had some
significance for the design of fuel element claddings in steam or gas cooled Fast Breeder
Reactors.

The general theorems and analysis presented in this paper can be extended to a non
linear viscoelastic material, i.e. the first constitutive relation[lO, 11].

2. THE BOUNDARY VALUE PROBLEM

Since finite displacement gradients will be considered it is essential to distinguish between
the material and spatial description of the flow of matter. In this study only material
(Lagrangian) coordinates J!' (k = I, 2, 3) will be used. Let Uk and Uk be co- and contra
variant components of the displacement vector u with respect to a reference coordinate
system in the undeformed body. Then the Lagrangian strain tensor and the strain rate
tensor are defined as

a .
ekl = at ekl(x', t)

=t(Uk;1 + Ul;k + Um;kUm;1 + Um;kUm;I)'

(1)

(2)

The usual summation convention for upper and lower indices will be used and the semi
colon denotes covariant differentiation using the metric of the undeformed body. The com
ponents of the displacement rate are

In terms of the symmetric Piola-Kirchhoff stress tensor of the second kind

the equilibrium conditions read (b k
l is the unit tensor)

[Skl(b
m

l + Um;l];k = O.

Here volume and inertia forces have been neglected.

(3)
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One of the most frequently used multiaxial creep relations is the invariant theory of
Odquist[l, 2] which is usually formulated for infinitesimal displacement gradients. Naturally,
there is no unique way to generalize this law for large displacement gradients. However, it is
possible to conceive two formal procedures for this generalization. Using a spatial reference
system one can exchange the infinitesimal strain rate tensor and the deformation rate
tensor, and the stress tensor has to be interpreted as Cauchy's stress tensor. Such a relation
between the deformation rate tensor and Cauchy's stress tensor definitely satisfies the
principle of material objectivity. The material so defined belongs to the class of the incom
pressible non-Newtonian fluids.

On the other hand if a material reference system is used one may exchange the infinite
simal strain rate tensor by the Lagrange strain rate tensor and the stress may be interpreted
by the Piola-Kirchhoff stress tensor of the second kind. Again this relation satisfies the
principle of material objectivity. For the following the second approach has been chosen.
However, it should be noted that these two generalized constitutive relations do not define
the same material if displacement gradients are large. The first relation will satisfy the
condition of incompressibility and a hydrostatic pressure will not affect the deformation
rate. This does not hold for the second relation. However, if strains but not necessarily the
rotations are small, then one can show that the two constitutive relations are equivalent to a
first approximation.

The proposed relation reads:

(4)

(5)

Here

OSkl = Ski - ismm9kl

is the deviatoric Kirchhoff stress, and 9kl are the covariant components of the metric
tensor. The term

J II = "!-oSk I OS'k

is the second invariant of the deviatoric Kirchhoff stress, and f is a scalar-valued function
of JII , temperature, and possibly the invariants of the Lagrangian strain tensor if strain
hardening is included.

Equation (4) can be transformed to read

. aw..
ekl =-akl

oS

where

According to equation (4)

e\ =0;

consequently equation (5) can be written in the form

. _ a w(Ij ~ m ij\
ekl - askl s S - ~S m9 ).

(6)

(7)
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Conversely we can write

where We is given by

T. MALMBERG

kl a TXf( _ )
oS =-a- rYe elj,

ekl
(8)

(9)

From equations (4 and 9) it follows that We can be formulated as a function of the second
invariant

I .1 -i -j
II = 2 oe jOe i

of the deviatoric strain rate tensor

With equation (6) this yields

Finally the boundary conditions on the surface 0 = Ou + 0T will be stated. On part Ou
of the surface the velocity field is prescribed and on the remainder 0T the tractions are
prescribed. Thus the boundary conditions are

Uk = Uk on Ou (10)

T k: =Slm(bk
m+ z/';m)nl = Tk on 0T' (11)

The right-hand sides of equations (10 and 11) are prescribed quantities, and the nl are
the covariant components of the unit normal vector in the undeformed configuration.

The boundary value problem is now defined as follows: Assuming that the displace
ments are given at some instant t, then the equations (2, 3, 7 or 8), and the boundary con
ditions (10 and 11) represent a boundary value problem for the displacement rates and
stresses. For this problem associated variational principles will be formulated.

3. VARIAnON AL PRINCIPLES

At the instant t the displacement field Uk is assumed to be known. Beside the actual
vetocity field Uk we consider an adjacent one

ut = Uk + bUk

which satisfies equation (6) (condition of incompressibility for small strains) and the
boundary conditions on Ou equation (10). Thus the virtual velocities bUk are subject to the
conditions

(bUk);k + (bUk);kUm;lgml = 0

iJu k = 0 on Ou.

The variation of the dissipation potential We is then

aWe. kl - kl-bWe = ;-:- bekl = oS bekl = s bekluekl
where

(12)

(13)

(14)
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The integration of equation (14) over the volume V of the body then yields

f bWe d V = f SkZ bek1 d V = f skZ(bm
z+ u'";Z) bUm;k dV

y y y

= f [skZ(bm
z+ u'";z) bUm] ;k dV

y

- fy[skZ(bm
z+ u'";I)LkbumdV.

Using the equilibrium equation (3) and applying the Green-Gauss divergence theorem
equation (15) reduces to

With the boundary conditions equations (10 and 11) we obtain

15 f We d V - f yk bUk dO = O.
Y OT

If the surface tractions yk are independent of the velocity field the existence of a functional

<1>: = f WedV - f ymumdO
y OT

can be noted. <I> takes a stationary value for the actual velocity field such that

15<1> = O.

(16)

(17)

This variational principle is subject to the subsidary conditions equations (6 and 10). If
we consider the strain rates as new variables, then we get a further subsidiary condition
equation (2). Using Lagrange's multiplier method this principle may be transformed such
that the three subsidiary conditions become Euler-Lagrange equations. The somewhat
lengthy calculation is not given here but can be found in Ref. [10]. In view of the boundary
value problem described in Chap. 2 one finds that the multipliers can be interpreted as the
stress tensor, the hydrostatic pressure, and the surface tractions on Ou. Consequently the
transformed functional reads as follows

..... - f [W(' ~'m ) (kl kZ)''VI' - Y e ekZ - ~e m9kl - S + P9 ekl

+ SkZt(Uk;Z + UZ;k + Um;kUm;1 + u'";/(Um;Z)] dV

(18)

This functional will be stationary

(19)

for independent variations of Uk' ekZ, Skl, P and possibly T m(see equation 11).
From this general theorem further variational theorems are derived. This is done using

the general principle that natural conditions may be added as constraints without changing
the stationary property of the functional equation (18).
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Assuming that the strain rates ekl satisfy the approximate equation of incompressibility
we express the strain rates by the stresses according to equations (7 and 9). This leads to the
functional

- J¥.(Skl - tsmmgkl)] d V - f rmUmdO
OT

- f Tm(um- Um) dO. (19)
Ou

Here SkI, Uk and possibly Tmare to be varied independently to yield the stationary condition

(20)

It should be noted that the displacement rates do not need to satisfy the approximate in
compressibility equation. This principle has a structure similar to the Hellinger-Reissner
theorem[4, 6] for an elastic solid or the theorem of Sanders et al.[12] for a viscoelastic
material.

Another variant can be derived from the functional equation (19) if it is assumed that
the stresses do satisfy the equilibrium- and static-boundary conditions equations (3 and 11)
respectively. This results in a variational principle for stresses only. However, this variational
principle seems to be of limited value and will not be given here.

Finally, expressing the strain rates in equation (18) by the displacement rates (and
displacements) we obtain a further variant

4>Ill: = I [We(ekl - temmgkl) - (Uk;k + Um;kUm;lgk~p] dV
v

(21)

For the displacement rate principle equation (17) it is possible to derive a sufficient condition
for a relative minimum of the functional 4>. Let Uk and SkI be the solution of the boundary
value problem. Assume that t5Uk satisfies equations (12 and 13).

The Taylor expansion of 4>(ut) yields

4>(ut) = 4>(uJ + t541 + ! t524> + ...
which reduces to

here

Since We is a function of III we get

iP We a2 w;, _ij -kl aWe ik jl
-=--------=-'-=--ee +-gg.
aeij aekl allI

2 alII



(22)
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Thus

(j2t1) = f [0
2

We (M )2 + aT¥" (jekl fJe ] dV
~I 2 II ~I kly vII vII

where
~I 'Ij ~ •u II = e ueij'

The sign of fJ2t1) is controlled by the sign of the two derivatives of We' If

oW a2 w
~ >0 and __e>O
vIII aIII

2

then evidently o2t1) is positive if only (jekl =1= O.
Now consider the case

~W ~2W
v eO dVeO-> an ~<.
alII vIII

Using the Schwarz inequality

( ~I)2 (-i j ~')2 ('Ij') (~'kl ~. )u II = e ueij ~ e eij ue uekl

we get

where

a2We aWe
R =--2III+-·

0111
2 alII

Thus R> 0 (and Oek/ #: 0) is a sufficient condition for a relative minimum of t1). The case
fJekl 0 means that the virtual displacement rates produce only a rigid body motion. The
case

aWe a2 We
;;-- <0 and ~ >0
VIII VIII

is of no interest for real materials because the first condition indicates that a specimen
under uniaxial tension will reduce its length.

Assume that the constitutive relation reduces to Norton's creep law in the case of infini
tesimal deformations and uniaxial stress

e=K(sY

where K and r are temperature dependent material constants. Then we get

f = iK(3J11)(r-l)/2

W =~ (3J )(,+ 1)/2
s r+l 11

W - r (~I )('+ 1)/2,
e - (r + I)K1/' 3 II •

(23)
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Application of the requirement R > 0 results in the condition r > 0 for the creep exponent.
This is generally satisfied by most real materials.

Some remarks will be made concerning the application of the variational principle
equation (20). If this principle and the Ritz-method is used to develop an approximate
solution, then the dependence of the stress, displacements and consequently displacement
rates on the material coordinates have to be suitably represented. After integration of the
volume and surface integrals the subsequent variation with respect to the time dependent
parameters of the stress-field and the displacement rates (but not displacement parameters)
will generally yield a system of nonlinear algebraic equations for these parameters. This is
due to the fact that W. is generally not a quadratic form. However, assume that these equa
tions can be solved for the stress parameters such that the stress parameters can be expressed
only by the displacement parameters (but not the time derivatives of the displacement
parameters). Consequently the displacement rate parameters, i.e. the time derivatives of
the displacement parameters, can be represented as functions of the displacement para
meters only. Hence we get a quasilinear system of ordinary differential equation of first
order which then has to be integrated with respect to time. For this to be the case the
assumed stress and displacement distribution should only linearly depend on their para
meters and the number of stress parameters should equal that of the displacement para
meters. Unfortunately, these two criteria do not seem to be sufficiently rigorous to assure
the reduction of the problem to the solution of a quasilinear differential system of first
order. However, the application of the variational theorems equations (17 or 21) will not
result in a quasilinear system of ordinary differential equations, since We is generally not a
quadratic form. It is evident that the solution of such a system needs a considerable numeri
cal effort. Therefore the variational principle equation (20) in some cases may have advan
tages compared with the theorems equations (17 and 21). For a relatively simple example
this will be demonstrated in Chap. 6.

4. KINEMATICS OF THE SHELL DEFORMATION

The theory for a viscous shell to be presented is subject to the following restrictions:

(I) the Kirchhoff-Love hypothesis is assumed to be applicable,
(II) strains are small but rotations are moderately large,

(III) the rotation around the normal to the middle surface is assumed to be small com
pared to the other two rotations,

(IV) the wall thickness is small compared to the minimum radius of curvature so that in
conjunction with the other approximations the metric of the shell space can be approxi
mated by the metric of the middle surface.

The notation will closely follow that of Green and Zerna(13]. Greek indices take the values
I or 2.

Let r denote the position vector in the undeformed configuration

(24)

Here p is the dimensionless position vector of the middle surface; a3 is the unit normal of
the middle surface, and 0 is the dimensionless coordinate associated with the unit vector
a3 • The quantities I and it are the minimum radius of curvature and the dimensionless
thickness ofthe shell.
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Then the covariant base vectors of the shell space in the reference configuration are given
by

r:t = 1,2

(25)

Here aa are the base vectors of the middle surface

The covariant components of the first and second fundamental form are given by

aap = aa' ap

bap = aayb~ = a 3 • aa,p,

The comma ( ),a denotes partial differentiation with respects to ea. If R is the position
vector in the deformed configuration then the displacement is given by

u = R -r.

According to the Kirchhoff-Love hypothesis the displacement vector can be represented
by

(26)

The quantity A3 denotes the unit normal vector of the deformed middle surface.
If one pictures the coordinate lines ea = const. to be convected then the covariant base

vectors of the deformed middle surface are given by

= «(j~ + vY;a - wb~)ay - waa3 •

The covariant derivative of the surface vector vY is defined as

avY _

vY• : = - + r y vp
,a aea pa

where r~a is a Christoffel symbol with respect to the surface e = 0

r~~ = !aYP(app,~ + apa,p - apa,p).

The surface tensor w~ is defined as

Wa: = -(w,a + b~yvY).

The unit normal A3 of the deformed middle surface is now given by

where c is the magnitude of the vector product Ai x A2 •

(27)

(28)

(29)
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(30)

From the kinematics of shells under infinitesimal displacement gradients it is well known,
that the two rotations of the normal of the middle surface are represented by W"'; further,
the rigid body rotation of a middle surface element around the normal a3 is given by

1
!(Vi ;2 - V2 :1) ja' a = det(a",p)

and the infinitesimal strains of the middle surface are defined by

t(v",;p + vP:", - 2wb",p).

In view of somewhat' similar arguments due to Sanders[l4] we will assume that these
kinematic quantities are subject to certain order of magnitude restrictions. Without loss of
generality we consider the case that the coordinates e'" represent the arc length divided by
I such that 0'" are dimensionless. Thus W"" v"';P and b",p will be dimensionless. Then the order
of magnitude restrictions will be as follows:

W",""'}. ~ I

!(v",:P - vp;",) ""' (}.)2

!(v"':P + vp;", - 2wb",p) '" (}.)2.

From the last two conditions it follows that

v",;p - wb",p ,..., (2)z.

Calculating now the vector product in (29) and dropping all terms of the order of (...t)z or
less we get

Ai X Az =::: J~(a3 + w"'aJ.

Hence to a first approximation A3 will become

A3 =::: a3 + w"'a",. (31)

Note that A3 is a unit vector except for an error of the order of (...t)z. Combining equations
(26 and 31) then gives

(32)

This approximate displacement field is equal to that of the engineering shell theories under
infinitesimal displacement gradients[l3].

The covariant components of the Lagrangian strain tensor e",p in the shell space are now
given by

e",p = !(g", . u,p + gp . u.'" + u.'" . u.p). (33)

Equation (33) can be evaluated using equations (25 and 32). Assuming that the covariant
derivative w",;p is of the order of I.. and dropping all terms of'the order of (...t)3 and less we
obtain finally

e",p = (l)2(lXaP+ 1..0 waP)

r:t",p = t(v",;p + vp;a - 2wbap + w'" wp)

w",p = !(wa;p + wP:a)'

(34)
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The surface tensor (J.«p is of the order of (Al; it describes the strain in the middle surface.
The surface tensor w«P is of the order of A; it defines the curvature changes of the middle
surface. Both quantities are not influenced by the rotation around the normal due to
assumption equation (30).

It should be noted that the left hand side of equation (34)1 is not a surface tensor, i.e. the
indices should be raised or lowered with the contra- or covariant components of the metric
tensor

g«p = g.. gp.

However, if only terms of the order of (A)2 are retained in this procedure then this is equi
valent to the approximation

such that

g«p ~ (l)2a«p and g«P ~ Gra«P

9 ~ (1)6(A)2a.

For the following one should keep in mind that the raising and lowering of indices of
the surface tensors (J.«p, w«p, V«' W«, etc. is done with the metric a«P and a«p; butthat ofthe
strain and stress tensors e«p and s«P is done with the metric equation (35). Within the above
approximations the factors (1)2 and e/1)2 are only due to the introduction of a dimensionless
position vector p of the reference middle surface.

5. A VARIATIONAL PRINCIPLE FOR A THIN VISCOUS SHELL

The b~sis for the following derivations will be the mixed variational principle equation
(20). The displacements in the shell space and the strains will be given by equations (32
and 34) respectively. In view of the Kirchhoff-Love hypothesis the shear stresses and the
direct stress normal to the middle surface will not be considered in the constitutive relations.
This means that terms which contain these stress components will be dropped in the volume
integral of the functional <l>I1 equation (19). Assuming that

00 = 0 on Ou

then equation (19) reads

<l>I1 = f [s«Pe«p - l'Y.(s«P - ts;g«P)] d V - fT. 0 dO
V 0T

where

dV = J9 dE>l dE>2 dE> ~ Al dE> df

The surface element df of the middle surface is given by

df= (l)\/~dE>l dE>2.
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(37)

(36)

Using equation (34) we get

$Il = f (naPriaP + maPwap - w:) df - J T· li dO.
I OT

Here we have introduced the definitions

+1/2
naP: = A(l)3 f saP de = tfYn~

-1/2

+ 1/2
maP: = (Al(l)3 I saPe de = aaYm~

-1/2

+1/2

w,*: = AlI w,(saP- tsPpgap) de.
-1/2

The rate tensors riap and waP are given by

riap = -!-(va;p + vP;a - 2wbap + wawp + Wawp)

waP = t(wa;p + wP;a)

wa = -(w,a - bayv
y
).

The surface integral on Or is approximately equal to an integral on the middle surface and
integrals along the edge C. It is assumed that the loading of the middle surface is due to
a hydrostatic pressure p.

Then

_ dF
T = -pA3 

df

where dF is the element of the deformed middle surface. For small strains we may approxi
mate this using equation (31) by

T ~ - p(a3 + waa3).

A more accurate analysis is given in Ref. [10]. If we define the edge loading to be

1/2

na: = Al fT. aa de
-1/2

1/2

iiia: = (A) 21 fT. aa e de
-1/2

1/2

q: = (A)21 IT. a3 de
-1/2

then the surface integral is given by

II = - f pl(w + Wava) df+ I J(naVa+ iiiawa+ qw) dC
I C

where C denotes the arc length along the edge of the reference middle surface. The term
iiiawa can be partially integrated using

wa = -/(va w,v - eap vPw,d - b~ vy.
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Here B(J./! is the permutation tensor and v denotes the arc length along the outer unit normal
vector

v =v(J.a(J.

of the edge C. The final result for the functional <!III is

<!III = f [n(J./!d(J./i + m(J./!dJ(J./i - Ws* + pl(w + wpvP)] df
f

-If [(n(J. - nFb~)v(J. - (m(J.v(J.)w,.1 + q*w] dC
c

(38)

where q* is the ersatz-shear force at the edge

q* q - l(m(J.e(J./! v/!),c.

Generally for most metals the stress distribution across the shell is nonlinear. Thus if the
stresses are of primary interest and the principle equation (20) is used to obtain an approxi
mate solution then a series development of the stresses in e or a multi-zone concept has to
be used. However if deformations are primarily considered then a linear variation of the
stresses across the shell can be assumed, or the double-membrane concept may be used to
give sufficiently accurate results. In these cases the stresses s(J.P are completely determined
by the moments and membrane forces such that the function fY. can be expressed by the
stress resultants. The further discussion will be restricted to these cases. The independent
variation of the displacement rates v(J.' wand the stress resultants n(J./!, m(J./! and the use of
the Green-Gauss theorem then results in the following necessary conditions for the
stationarity of the functional equation (38):

constitutive relations:

ow*• s
(/.(J./! = on(J./!'

equilibrium conditions:

n/!(J.;/! + nP/!wpbp- mP/!;pb"p - plw(J. = 0

(J./!b «(J.P) + (J./! I - 0n (J./i - n w(J.;/! m ;(J./i - P -

boundary conditions:

or v(J. prescribed,

or w,. prescribed,

or wprescribed.

The equilibrium and boundary conditions and the strain-displacement relations are
equivalent to those given by Sanders[14] (equations 89-96) if shear forces are eliminated.
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6. APPLICATION TO THE CREEP COLLAPSE OF A CYLINDRICAL
SHELL UNDER UNIFORM HYDROSTATIC PRESSURE

The problem is characterized by the fact that initial deviations of the perfect circular
geometry (e.g. ovality) will induce circumferential bending moments which then produce a
progressive increase of the deviations (ovality) due to nonuniform creep. We will assume
that the geometry and loading does not change along the length of the shell and that the
middle surface is given by (Fig. 1):

p = (I + rx cos 2rjJ)(cos rjJe t + sin rjJe3 ) + xe2 • (39)

The term a cos 2tj> indicates that the cross-section is assumed to be quasi-elliptic where
a ~ 1 is a measure of the ovality.

Fig. 1. Coordinate system of the quasi-elliptic cylinder.

In the following we will formulate all equations using physical components of the tensors;
the relevant physical components are given by

u = VI, V =: v2.Jan
n,,=ni,

I I

mx =i mt '

where I denotes the average radius of the shell.
From equation (39) the relevant geometric and kinematic quantities can be calculated

using a series development with respect to cx. If only terms linear in cx are retained then the
physical components of the strain and the change of curvature in the circumferential
direction are given by

a4> =ai =v.4>(l - rx cos 2rjJ) + w(l + 3rx cos 2c/J)

+ -lCV)2(l + 6a cos 24»

- w•.pv(1 + 2rx cos 2rP)

+ !(W,</»2(l - 2iX cos 24/» (40)
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OJ,p = w~ = - [w,,pt/>(1 - 21X cos 2c/J) + w,t/>21X sin 2c/J

- v,i1 + 2a cos 2c/J) + v61X sin 2c/J].

Further the element of the reference middle surface for unit axial length is given by

df = lJO dc/J ~ 1(1 + a cos 2c/J) dc/J.

For the constitutive equation it will be assumed that equation (4) reduces to Norton's
Creep law in the case of infinitesimal deformation and uniaxial stresses. The multiaxial con
stitutive relation is defined by equation (23).

Assuming that the axial creep rate e~ vanishes it follows from equation (4) that

s~ = ts~

such that

JIl = !(SD2

W =~ Is2\r+l
s r + 1 2

k = K(t)Cr+ 1)/2.

For reasons of simplicity we will use the well known double membrane concept (Fig. 2).

Fig. 2. Geometry of the double membrane.

The physical components of the circumferential stresses in the inner and outer membrane
are then given by

_ 2 _ (s'" +) _(n,p + m,p h:12) 1
st/> -S2 - - -.

1 2d
s'"- n,p - m,p-

hsl2
Hence it follows

1/2 k d [I m \r+1 I m \r+1]
Jv.* =h L

1/2
WsdE> = r + 1 (2d)' + 1 n,p + hs/~ + n,p - hs/~ .

The functional equation (38) may then be represented by

211 { 1
<I>II = f

o
nt/> &4> + 7m", OJ4> - Ws* + pl[w + tiv(l + 31X cos 2c/J)

- Vw.",(1 - IX cos 2c/J)]}1(l + IX cos 2c/J) dc/J

(41)

(42)
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(43)

Considering the symmetry properties of the shell the first terms of a series development
of the relevant stress resultants and displacements are

n", = nit) + nn(t)cos 2¢

m", = mn(t)cos 2¢

W = w/(t) + wn(t)cos 2¢

v = vn(t)sin 2¢

where n/, nII' mIl and WI' WII' VII are the time dependent parameters. It should be noted
that the bending moment m", does not depend on a constant term. This is suggested by the
corresponding solution of a linear viscous shell or ring. As a consequence the number of
displacement parameters equals that of the stress resultants. This approximation may be
further simplified if one neglects the variation of membrane force along the circumference;
thus

nIl ~ O.

As a consequence of this the strains of the middle surface should not vary in the circum
ferential direction. To a first approximation we thus find from equation (40)

With these simplifications again the number of the displacement parameters equals that of
the stress resultants. The integration of the functional equation (42) then gives

<PII = 11:1 {n/[2W[ + wII(41X + tWa)] + mIl ~ wn - Jv.** + pl[2w[ + WII(IX - twn)]}. (44)

Here

2lt

Jv.** = J Jv.*(l + IX cos 2¢) d¢
o

where

1 2lt

Av = - J (cos 2¢Y d¢,
11: 0

Ao =2

v-I
Av = Av- 2 -2-'

Av =0,

v = 0, 1, 2, ... , r + 1

v =2,4, .,.

v = 1,3, ...

This result is restricted to integer creep exponents such that

r= {r + 1,
r,

r odd }.
r even
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If the creep exponent r is an even number then this result is further restricted by the con
dition

ImIl! I
n1 h./2 5 .

The independent variation of nI' mIl' Wrand Wn then yield four necessary equations for
the stationary condition of ~H:

all>II = 0,
onr

all>II =0
oWr '

The first two equations represent the averaged constitutive relations and the last represent
the averaged equation of equilibrium. The first equation is a quasilinear differential equation
for the function WI and will not be given here. The others are

~WI1- k2d [sgnnI]r+1 f (r+l)A V(nIY+l-.(mlr)·-l =0
I (r + I)h.f2 2d • '" 2,4,... v· h./2

2nr + 2pl = 0 (45)

3
nIC4a + !wlI) + mII 7+ pl(a - tWII) = o.

Thus

nj = -pi,

and defining

Jt:=v-I

2mlI 21
X: =-- =(tx + wn)-

plh. h.

r*. _ {r,
. - r -1,

we get from equation (45)1 with p > 0

r Odd}
r even

• 4 ( 1)2 (PI)' ,. C)
X =3 h k 2d =L AI'+l(X)J.l..

S Jl 1,3,•. ~

The initial condition is

(46)

W II = 0 or
21

X=(X-·
h.

Hence the result is a quasilinear differential equation of first order which describes the
change of the ovality. It is interesting to note that the application of the theorem equation
(17) would have led to a system of nonlinear equations for WI and WII' For the problem
considered this clearly shows the advantage of the mixed variational theorem.

The character of the solution of equation (46) is well known[9]. For exponents r > 1 a
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critical time tc exists where the deformation X theoretically increases beyond limits. For
r = 1 the deformation increases exponentially but there exists no asymptotic time tc '

A comparison with the theory of Hoff et al. [9] shows that the main difference between
the two theories lies in the terms AI"+I' If (AI"+I)H denotes the value derived by Hoff et
al. then the ratios for J1 = 1, 3, 5, 7, 9 are as follows:

A +1
I" = 1'0 1·127 1'172 1·193 1·211

(AI"+I)H ' , , , .

This indicates that the rate of deformation is somewhat larger in the theory presented here.
The difference is due to the fact that the weighting factor in the variational averaging
procedure is different from that of the continuous collocation method of Hoff et al. How
ever, in view of the uncertainties of the creep parameters this difference is not significant.
Although the approach of Hoff et al. is much simpler from the mathematical standpoint
the author thinks that the mechanical interpretation of the method of Hoff et al. is somewhat
difficult because an explicit distinction between spatial and material coordinates is not made.
On the other hand the continuous collocation method used in Ref. [9] does not lend itself
to further improved solutions; it is applicable to approximate deformation processes with
only one degree of freedom.
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A6cTpaKT - nocTyJIHpyeTcH KOHCTHTyTHBHaH 3aBHCHMOCTb ,nJIH BH3Koro MaTepHaJIa, IIO,ll
BeplKeHHoro ,neHcTBHIO MaJIbIX ,necP0pMaL\HH, HO KOHe1fHHX BpaJL\eHHH. ,L(alOTcH cPOPMYJIbI.
,nJIH CBH3aHHblX BapHaL\HOHHbIX TeopeM. OHH IIo,n06HbI KIIpHHL\HIIy MHHHMYMa IIOTeHL\HaJIb
HOH 3HepnIH H TeopeMbI reJIJIHHrepa - PeHccHepa ,nJIH yIIpyroro TBep,noro TeJIa. ,[(aIOTcH
BbIBO,nbI 3aBHCHMOCTeH ,necPopMaL\HH - IIepeMeIL\eHHe ,nJIH TOHKHX 060JI01feK, IIo,nBCplKeHHblx
,neHcTBHIO MaJIbIX ,llecP0pMaL\HH, HO yMepeHHo 60JIbIlIHX BpaIL\eHHH. Ha 3TOH OCHOBe OIIpe,ne
JIHeTCH CMeIlIaHHbIH BapHaL\HOHHbIH rrpHHL\HII ,nJIH TOHKHX BH3HbIX 060JI01feK. YKa3bIBaeTcH
,llJIH 3a,lla1fH paJpyIlIeHHH BCJIe,llCTBHe rrOJI3yqecTH ,nJIHHHbIX L\HJIHH,npH1feCKHX 060JI01feK,
rro,nBeplKeHHblx ,lleHcTBHIO BHeiliHero ,naBJIeHHH, 'ITO CMeIlIaHHbIH BapHaL\HOHHbIH rrpHHL\Hrr
MOlKHO cpaBHHTb, KaK npHcoe,llHHeHHbIH K ,npyrHM BapHaL\HOHHbIM TeopeMaM. ,[(aeTCH,
TaKlKe, cpaBHeHHe CTeopHeH pa3pyIIIeHHH BCJIe,llCTBHe IIOJI3yqecTH, npe,nJIOlKeHHOH XOcPcPOM,
l1JKacMeHoM H Hax6apoM.


